In this work, single particle dispersion was analyzed for a bacterial turbulence by retrieving the virtual Lagrangian trajectory via numerical integration of the Lagrangian equation. High-order displacement functions were calculated for cases with and without mean velocity effect. Two-regime power-law behavior for short and long time evolutions were identified experimentally, which were separated by the Lagrangian integral time. For the case with the mean velocity effect, the experimental Hurst numbers were determined to be 0.94 and 0.97 for short and long times evolutions, respectively. For the case without the mean velocity effect, the values were 0.88 and 0.58. Moreover, very weak intermittency correction was detected. All measured Hurst number were above 1/2, the value of the normal diffusion, which verifies the superdiffusion behavior of living fluid. This behavior increases the efficiency of bacteria to obtain food.
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I. INTRODUCTION
A bacterial suspension in a thin fluid can be approximated as a 2D fluid system when the considered spatial scale is larger than the fluid depth. In this active system, the energy injection and dissipation patterns are quite peculiar. Considering classical three-dimensional homogeneous and isotropic turbulence, the energy is transferred from large-scale to smallscale structures until the viscosity scale, where the kinetic energy dissipates as heat. 1 In the bacterial turbulence, the kinetic energy is injected into the system via a scale of the bacterial body length R, which is typically around a few µm, and then transfers from small-scale to large-scale ones via an inverse cascade process. 2 The velocity of the bacterial turbulence is also on the order of a few µm per second, and the Reynolds number is nearly zero. Due to hydrodynamic interactions, the bacterial flow exhibits turbulent-like features, such as, long range correlation and power-law of the spectrum. [2] [3] [4] [5] [6] [7] [8] [9] For instance, Wensink et al. 2 observed a dual-power-law behavior in a quasi-2D active fluid, which was separated by the viscositylike scale at = 10R. Qiu et al. 9 confirmed the intermittency correction, one of the most important features of the turbulence, directly via a Hilbert-based methodology. They found a dual-power-law behavior, which is separated by a viscosity-like scale ν 10R. The scaling behavior below the viscosity scale ν is more intermittent than the behavior above the scale ν . This bacterial or active turbulence is now named as "mesoscale turbulence".
2,8
Note that there is no commonly accepted unique definition of turbulent flow: it is usually identified by its main features that a broad range of spatial and temporal scales or many degrees of freedom are excited in the system. 10 Another "narrow definition" of turbulence has been proposed by Gibson 11 that "turbulence is defined as an eddy-like state of fluid motion where the inertial vortex forces of the eddies are larger than any other forces that tend to dampen the eddies out." Rotational turbulent eddies form at the viscosity scale (resp. Kolmogorov scale), and then they pair with neighboring ones, and these new pairs pair with neighboring pairs, and so on to generate large-scale structures. 11 This is indeed the idea of the inverse energy cascade. It seems that this definition of turbulence is applicable to the bacterial turbulence aforementioned. More discussions and examples of this "narrow definition of turbulence" can be found in Ref. 11 and Ref.
12 .
Single particle dispersion in disordered or turbulent flow in classical turbulence and living fluid is still fundamentally unclear. 13, 14 In single particle dispersion, also known as Taylor dispersion, the mean square displacement, D 2 (τ ), is defined as,
where r i (t, τ ) = |x i (t, +τ ) − x i (t)| is the displacement function; x i (t) is a Lagrangian trajectory; and τ is the separation time scale. According to the Taylor dispersion theory, the following two regimes are expected,
where T L is the Lagrangian integral time scale; andṽ 2 is the variance of Lagrangian velocity. 15, 16 The latter scaling regime is also known as normal diffusion. 17, 18 Experimentally, the measured scaling exponent of Eq. (2), D 2 (τ ) ∝ τ γ 2 , might be different with the above mentioned values. For example, Wu and Libchaber 3 studied the collective dynamics of bacteria in a freely suspended soap film via the Lagrangian particle tracking technique. They found that the measured mean displacement function of beads demonstrates a super-diffusion (resp. γ 2 > 1) in short-time period and normal diffusion (resp. γ 2 1) in long-time period. Xia et al. 19 performed an experimental particle tracking study in a traditional two-dimensional turbulence system. Based on the measured scaling exponent, γ 2 , a transition phenomenon of γ 2 from 2 (super-diffusion) to 1 (normal diffusion) was observed as the Reynolds number increased. Based on this observation, a so-called fully developed two-dimensional turbulence was defined. Ariel et al. 20 tracked the trajectory of individually fluorescently labeled bacteria within such dense swarms. The authors reported a super-diffusion behavior with a measured scaling exponent γ 2 1.6, which can be further described and modeled by the Lévy walk. Note that for the bacterial case, the diffusion or dispersion behavior is highly dependent on many factors, such as the concentration of the bacteria, temperature and chemical gradients.
In this work, virtual particles were tracked using a numerical integration of the Lagrangian equation based on measurements of the Eulerian velocity field of bacterial turbulence via particle image velocimetry. 21 The dispersion of the particles was calculated, and the results show a clear two-regime behavior, which is separated by the Lagrangian integral time. Despite the numerical value of the scaling exponent, γ 2 , the Taylor dispersion theory is evident from the obtained results. The possible intermittent correction was also checked experi-mentally by generalization of the mean square displacement function to the qth order, e.g.,
II. EXPERIMENTAL DATA 
A. Experimental Setup
The experimental data analyzed here was provided by Professor Raymond E. Goldstein at the Cambridge University, UK. We briefly recall the main parameters of this quasi-2D experiment in a microfluidic chamber. The bacteria used in this experiment was B. subtilis the system. The volume filling fraction was φ = 84% with particle number N = 9968 and aspect ratio a = 5 (the ratio between the bacterial body length R and the body diameter).
The quasi-2D microfluidic chamber had a vertical height, H c , less than or equal to the individual body length of B. subtilis (approximately 5 µm). With these parameters, the flow entered a turbulent phase. ∼ 50 µm is visually evident and has been recognized as a fluid-viscosity-like scale. 9 The flow is smooth in space due to fluctuations in the high wave number (for structures smaller than 50 µm) that will be quickly damped by the viscosity.
B. Numerical Tracking Algorithm
Using the measured Eulerian velocity field, u(x, t), we numerically integrated the La-
where v(x, t) is the Lagrangian velocity; and v(x, t) is equal to the Eulerian velocity at the same position, e.g., v(x, t) = u(x, t). A second-order Adams-Bashforth method was employed in the time scheme, while a two-dimensional spline interpolation scheme was used to retrieve the Lagrangian velocity not on the grid point. The virtual particles were assumed to be free with the bacteria body, or in other words, they could freely penetrate the bacteria body. Initially, 2500 virtual fluid particles were seeded with a uniform distribution in the range (x, y) ∈ [0, 217] µm. If a particle moved beyond the experimental area, time integration stopped. For one realization, about ∼100 virtual particles exceeded the boundary, and ten realizations were performed. In totally, we obtained 2400 × 1441 × 10 34, 584, 000 (number of virtual particles per realization × number of snapshots × number of realizations) velocity vectors to ensure a good statistics. 
whereṽ(t) = v(t) − v(t) t is a centered Lagrangian velocity; t is time average; and σ is the root-mean-square Lagrangian velocity. is defined as,
Due to the finite time measurement, it is difficult to apply the above definition directly.
Therefore, we used the first zero-crossing time as the Lagrangian integral time, i.e., T L = τ 0 , where ρ(τ 0 ) = 0. The experimental value of T L is found to be ∼ 0.75 sec; thus we expect two dispersion regimes to be separated by the Lagrangian time scale, T L . 
III. RESULTS

A. Convergence test
To analyze the convergence of statistics in this work, we first considered the qth-order displacement function, which is defined as,
which can be re-written as,
where p(r τ ) is the experimental pdf for the separation time scale, τ ; and p(r τ )r q τ is the socalled qth-order integral-kernel. Figure 5 shows the measured integral-kernels for a) with and b) without the mean velocity effect by removing the persistent velocity effect from the displacement function, i.e.,r i (τ ) = |x i (t + τ ) − x i (t) − V τ |, where V = v(t) t is the the range 0.05 ≤ τ ≤ 31 sec.
B. Taylor dispersion with mean velocity effect
Figure 6 a) shows the experimental qth-order displacement function for q = −1 ( ) and q = 2 ( ). The power-law behavior is evident, as expected, and can be further identified by two regimes, e.g., 0.05 ≤ τ ≤ 0.5 sec, and 2 ≤ τ ≤ 31 sec, which are separated by the above estimated Lagrangian time scale, T L = 0.75 sec. Figure 6 b) displays the corresponding compensated curve using the fitted scaling exponent, γ 2 , to emphasize the observed powerlaw behavior, in which a clear plateau confirms the existence of the power-law behavior. The measured scaling exponents for the case q = 2 were determined to be γ S 2 = 1.87 ± 0.01 and γ L 2 = 1.93 ± 0.01, where the error is provided by the 95% fitting confidence level. The former value is close to the value γ 2 = 2, which was predicted by the Taylor dispersion theory for a short time evolution. Due to the existence of the mean velocity effect, the latter scaling exponent is also close to 2.
Experimental pdfs for the normalized displacement functions, x = (x τ − x τ )/σ and x τ = log 10 (r(τ )), were calculated with a bin width of 0.1. Figure 7 The BHP formula is written as
where parameters b = 0.938, and K = 2.14 were obtained numerically from a previous study. 25 This formula was first introduced to characterize rare fluctuations in turbulence and critical phenomena. The measured pdfs for small-scale separation time (τ ≤ 0.5 sec)
agrees with the BHP formula on the range −4 ≤ x ≤ 0.6. For large-scale separation time (τ ≤ 2 sec), the pdfs agree well with the BHP when x ≥ −4.
We then estimated the scaling exponents on these two scaling regimes for −1 ≤ q ≤ 8. deviate from the prediction of the Taylor dispersion theory (inset of Fig. 8 a) . A nonlinear q-dependence of these curves implies a potential intermittency correction. To characterize the potential intermittency effect, we introduce here a lognormal formula to fit the measured scaling exponents, which is written as,
where H is the Hurst number and µ is the intermittency parameter. Note that for the lognormal formula, both H and µ are taken as free parameters. The measured intermittency parameter, µ, depends on H. To overcome this difficulty, we introduce here a singularity spectrum, which is defined via a Legendre transform,
where α is the multifractal intensity; and f (α) is the singularity spectrum. Experimentally, a wider α and f (α) refer to a more intermittent field. Figure 8 b) shows the measured f (α) versus α, where a weak intermittent correction exists for both small and large time scales. Moreover, the singularity spectrum for large-scale time separations seems to be more intermittent than that for small-scale one.
C. Taylor dispersion without mean velocity effect
To exclude the mean velocity effect, a displacement function that omits this effect is defined as,D
wherer i (t + τ ) = |x i (t + τ ) − x i (t) − V τ |; and V = v(t) t is the mean Lagrangian velocity.
This formula represents a dispersion observed on a moving frame with a constant velocity, V . 
12. (Color online) Experimental local scaling exponent γ 2 (τ ) (resp.γ 2 (τ )) for the mean square displacement for D 2 (τ ) (resp.D 2 (τ )). The lack of a plateau implies the absence of a pure power-law behavior. Fig. 11 a) . Figure 11 b) shows the measured singularity spectrum, f (α), versus α where the intermittency correction could be ignored for both short and long time evolutions.
IV. DISCUSSION
The measured scaling exponents, γ q , may vary for different fitting ranges. This is because that a pure power-law behavior is difficult to retrieve, and this can be seen from a local scaling exponent, γ 2 (τ ), which is defined as,
This exponent can be generalized for a qth-order displacement function D q (τ ). Figure 12 shows the measured γ 2 (τ ) (resp.γ 2 (τ )), where the lack of a clear plateau implies the absence of pure power-law behavior. In other words, the experimental scaling exponent, γ 2 , might depend on the choice of the fitting range. To avoid this vagueness, we introduce here a local singularity spectrum, where α(τ, q) is the local multifractal intensity; and f (τ, α) is the local singularity spectrum. Figure 13 shows a contour plot of the measured local singularity spectrum f (τ, α)
respectively for a) with and b) without the mean velocity effect. Finally, we would like to provide some comments on the statistical uncertainty of this study. As mentioned above, the statistical uncertainty of the PIV measurement is less than 1% for the second-order moment. 2 We have tested for different algorithms for both time advance and spatial interpolation, and found that the individual trajectories starting from the same initial positions vary slightly. However, the statistical moments of displacement functions are the same, which is partially due to a rather smooth fluid field. Further, the displacement function, D q (τ ), is indeed a structure-function of the Lagrangian trajectory.
Therefore, V τ = D 1 (τ )/τ can be treated as a coarse-grained mean velocity, which is less influenced by the intermittency effect that has been found for the Eulerian velocity field. 9 We also note that some velocity vectors from 10 realizations are not statistically independent.
But it does not change the conclusion of this work. However, a true particle tracking experiment should be done with carefully designed as a means to directly check the dispersion relations.
V. CONCLUSION
In summary, single particle dispersion was analyzed for a bacterial turbulence by numerical integration of the Lagrangian equation. A second-order Adams-Bashforth scheme in time and a two-dimensional spline interpolation scheme in space were used, and qth-order displacement functions with and without the mean velocity effect were calculated. The results show a two-regime behavior respectively in short and long time evolutions with corresponding regimes in the range 0.05 ≤ τ ≤ 0.5 sec and 2 ≤ τ ≤ 31 sec, respectively. With the mean velocity effect, the experimental pdfs of the displacement function was fitted via the BHP formula, and the measured scaling exponents, γ q , was found to deviate from the one predicted by the Taylor dispersion theory, which can be understood as an effect of the active dynamic system. Moreover, the corresponding Hurst numbers were determined to be 
